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documented that even in middle school the 5 Strands of Mathematical Proficiency which are meant . . ' . . o
students continue to struggle with concepts  to be grown and developed together (p. 116): teaching sessions and another student missed one. During the pre-interviews there were some problems
of rational numbers” (p.231). In particular, that revealed the extremes of our students’ thinking.
students show difficulty in fraction . . Key problems were as follows: Instructional Cycle
Adaptive Productive
multiplication. Although the algorithm for Reasoning Disposition Key problem one Makayla said, “I can represent 3 ngith 3 Procedure
. . . . . e capacity e inclinatio . h i . o : :
multiplying fractions is much easier to learn logical see (to the right) dealt  rectangles each of length 27 = & ° TeaChdalnd audio/video Analyze students’
thought, mathema 1 ’ EEET record lesson
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have difficulties applying the algorithm with in one’s a : 3 A - make conjectures recorded data Establish
and fractional parts. 3. praw a diagram to represent 2 of 3. . | f . . appropriate
flexibility” (p.281). To encourage growth in ¥ " : Create lesson draft basec from interaction rning
. ) . - They were to use b. Explain why your picture and Makayla’s picture on conjectures with students learning goals
understanding, visual models were We focused on two specific parts of a learning trajectory pictures and diagrams  together show that 3 x===x3. * Create formal lesson plan
emphasizec in this study to provide students (Confrey et aI., 2012) for fraction mu|tip|ication; To justify their (Illustrative Mathematics a, n.d.) after critique
: : : : : : * Practice lesson with
with the opportunity to identify fraction T reasoning.
multiplication as a conceptual relationship Solve rea The members of a cross mentors and fellow Pose selected Select tasks to
S N N e world country team like to continue undergraduate researchers tasks to group of develop students'
between rational numbers (Webel et al., » e e . PrObl'émS their training on their own Key problem two (to the left) * Teach lesson to students students '\ thinking
2016) = DA N AN o d“”f‘lg the S‘ijmmer- Neroranl gflowed students to select their own * Repeat seven times
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Initial Assessment Results Week 2 Instruction Weeks 3-5 Instruction Weeks 6-8 Instruction Post-Assessment Results
Most students initially struggled to use visual  For this week of instruction we decided to encourage Students solved and modeled a series of word Due to students’ difficulty constructing models in the By the end of the seven lessons, students showed
models to solve problems. They had less the use of specific language, such as “groups of”, along  problems involving multiplication of fractions by previous weeks, we decided to take a different approach improvement with not only creating models to go
trouble with execution of procedures. with the use of drawings and pattern blocks. We whole numbers. Students were hesitant to use that would introduce the students to various models. The with number sentences but also creating stories to
Example of student difficulty creating a visual model to introduced whole number times fra_Ct'O” number | conceptual fraction models so we introduced a instruction during the final three lessons would also give go with pre-made models.
fr‘;p’esegt taking “f;:";t""”a;pagt °f";”’;’;’1°’e W’;"’es' sentences and word problems that involved modeling new modeling technique that forced the students the students multiple opportunities to explain and Student’s example below shows a model representing 6 x 4/, .
tudent t : tudent’ iti ’ . . . . . . s
.eslu eZ IWZS a5 3et. osozve /3 0f € students repeatec adc?htlon. Studen.ts work on the probl.ems to solve problems without using algorithms. describe the models in discussion. @
visual model shows 3 times /5. revealed their understanding of language and visual . . 2 I L,
oo _ Example of a student using model to just show the Below are the models for /- of 12 that we used at the beginning of —— —
WM models, as exemplified in the classroom artifacts below. answer rather that to solve a problem. our week 6 lesson. We conjectured that introducing pre-made models = ;
M T: Do you know how you can draw a | /n the classroom | would help build students’ conceptual understanding. Students were e ==
picture of 3 x 5? dialogue excerpt to the 8760 O ( / - ® W @ @ able to compare the models and formulate number sentences to go = =
S?: Uh, three—u.h not really a left, the teacher and Sl - o with them. S2: U, this person got
Example of St:dent 7ijflculty II; deciding proper zlocfiukree;‘rlavcv’;f) f:'\;ﬁ :ﬁ:;!g;ig::;ls StUd?”'tS negotiiate a s1: *lays out 5 wholes | ExXample of students’ thinking " S T: So what, after discussing these, what can we 4/ 20 of a car - To the right is the model that
procedures when solving problems. | . possible meaning for and divides the rest when they were asked to solve i .§ : ‘ notice about our models in the middle there? Any T Of 3 car? was provided in a task ,
T: So, For a certain brand 3 x5 as “three groups of with a pencil then 1 . . . ; s ] 2 similarities, any differences? S2: Mhmm.
\ o ®® of orange soda, each can T: Okay. Wha-t about you ------- ? Did five.” Later problems cuts 3 wholes into /= times 8 without using any | ;:-;;} sa: They’re’all representing one equation? T: Okay *chuckles* which prompted the
G L\% - o contains 4/15 cup of you have a different answer? ' : fifths* sort of algorithm. They were == T: Are they? $2: Then he multiplied it |student to create the story
< y D sugar. Part a is how S3:Y d like circles—th and lessons drew on this ¥ | \ i ﬂa
: : You can do can like circles ree T S2: *stares at all . . . . Rl T ﬁ%ﬁg E{ ggé S4: Yeah. by 5 and then he got the |problem shown to the left.
& many cups of sugar are ircl ith five | h circl conceptualization. . ¥ pl‘OVldEd with 8lght paper strips , _
@ there in six cans of this circles with Tive In each circle. pleces. . . Bt it N S3: That the number sentence is 2/5 times 12. full car. Because that’s
O @ () $3: *divides every and scissors. e R onlv what the i
orange soda. . _ . y what the insurance
S1: Hmmm. This is hard. 51 Work piece with pencil and claimed.
@ Q O T: Yeah? What are you A Y 1 The work to the left then cuts every piece _ h Below is an example of a student’s explanation of why a certain model A
thinking about it? U — , , into fifths™ | T was representative of 3/, of 16. C
S1: That vou have t | provides evidence of I | | : & —
dividez/ﬁuint?) 2 cZns. @X @ @ @ students’ abilities to think The S_tUdent. work to the left - 1 .| _____L | L®VV &) &) D \
p = SNT . TRt R 103%3%} Y X XY )
E.XGmpIe O_fStUdent Strength appl.y’nq a procedure to 53 Work OfmUItlpllcatlon O_ffour prov'd.es ev’d.en.ce of a IaCk Fllfl \ I'?'I'!I'I - ‘ ;| | I|.1I %%ggg %% ;)) %\Q : S4: | think that# 1 is correct, cause itthat 4 Student’s example to the right shows
find the number of cups of sugar in six cans of soda times one-fourth as of flexible thinking when VTS 1 I N o %% she e squares (sic). And there’s four circles in their model when asked to split 2 \___
when each can contains %/, cup of sugar. \ L i repeated addition. We : %%, loke, each square to represent the 16 gems ,
1 oo 15 \15(\ b B e rovisited these ideas in we tried to return to word Student model for AT 1y Sarah bought. There is a circle around 3 of sandwiches evenly between 3 people.
Loy B2 12

3 ; 3
< < | < @ @ = @ later lessons. problems. /8 times 4 the squares to represent that °/, of the

gems are diamonds.

Reflection and discussion: The standard in our learning progression that was most difficult to obtain was solving real world problems involving fractions and mixed numbers. Students had difficulty creating appropriate models to coincide with

the context of the word problems. For example, when asked to show 2/3 of 3, their models initially depicted 3 groups of 2/3. Students seem to benefit from having to explain their thoughts to the class step-by-step. Once they were put in the “teacher’s”
position they generally realize any mistakes they may have made. Data from our study also point to the conceptual difference between a fraction times a whole number versus a whole number times a fraction. This distinction needs explicit attention.
Future research might examine the potential benefits of teaching the case of a fraction times whole number first, in order to examine the impact of such an instructional sequence on students’ learning.
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